Abstract. We generalize the splitting theorem of Cai-Galloway for complete Riemannian manifolds with Ric ≥ −(n − 1) admitting a family of compact hypersurfaces tending to infinity with mean curvatures tending to n − 1 sufficiently fast to the setting of smooth metric measure spaces. This result complements and provides a new perspective on the splitting theorems recently proven by Munteanu-Wang and Su-Zhang. We show that the mean curvature assumption in our result is sharp, which also provides an example showing that the assumption R ≥ −(n − 1) in the Munteanu-Wang splitting theorem for expanding gradient Ricci solitons cannot be relaxed to R > −n. We also use our result to study a certain class of conformally compact quasi-Einstein metrics, giving, as generalizations of respective results of Cai-Galloway and Lee, necessary conditions for the boundary to be connected and for the bottom of the spectrum of the weighted Laplacian to be maximal.
Introduction
Smooth metric measure spaces are four-tuples (M n , g, e −φ dvol, m) of a Riemannian manifold together with a choice of smooth measure e −φ dvol -that is, φ ∈ C ∞ (M ) and dvol is the usual Riemannian volume element determined by gand dimensional parameter m ∈ [0, ∞]. These spaces admit a natural generalization of the Ricci curvature known as the (m-)Bakry-Émery Ricci tensor, namely the tensor Ric m φ := Ric +∇ 2 φ − 1 m dφ ⊗ dφ.
for H the mean curvature of Σ with respect to the outward pointing normal. Then M is compact.
(2) Let (M n , g) be a complete Riemannian manifold with Ric ≥ −(n − 1)g and suppose there exists a sequence {Σ k } of compact hypersurfaces such that, for any fixed base point o ∈ M ,
(1) each Σ k separates M into two disjoint sets, Then either M has one end or M is isometric to
for some compact Riemannian manifold (Σ n−1 , h) with nonnegative Ricci curvature.
This result is sharp, in the sense that the assumption (1.1) cannot be removed. Indeed, if one only assumes that the limit is finite, then there are additional complete Riemannian manifolds with multiple ends which meet the hypotheses of the theorem. For details, see [2] or Section 3.
Shortly after Theorem 1.1 was proven, X. Wang [19] obtained a similar rigidity result for conformally compact manifolds by using the bottom of the spectrum of the Laplacian in place of the mean curvature of hypersurfaces, and then Li and J. Wang [12] removed the conformal compactness assumption. This work then led Li and Wang [13] to reformulate Cheng's estimate [6] as a rigidity result. . Moreover, if equality holds, then either
(1) M has one end, (2) (M n , g) is isometric to (R×N n−1 , dt 2 ⊕e 2t h) for some compact Riemannian manifold (N n−1 , h) with nonnegative Ricci curvature, or (3) n = 3 and (M 3 , g) is isometric to (R×N 2 , dt 2 ⊕cosh 2 t h) for some compact Riemannian manifold (N 2 , h) with scalar curvature R h ≥ −2.
The key step in the proof of Theorem 1.1 is to show that the Busemann function β associated to the sequence of hypersurfaces {Σ k } satisfies ∆ φ β ≥ 1 in a suitable sense. This function can also be used to show that a Riemannian manifold as in Theorem 1.1 achieves equality in Cheng's estimate for the first eigenvalue of the Laplacian, and thus Theorem 1.1 can be seen as a special case of Theorem 1.2.
Recently Munteanu and J. Wang [14, 15] generalized many aspects of the work of Li and Wang [12, 13] to the setting of smooth metric measure spaces with ∞-Bakry-Émery Ricci curvature bounded below, including two generalizations of Theorem 1.2. At the same time, Su and Zhang [18] proved the analogue of Theorem 1.2 for smooth metric measure spaces with m-Bakry-Émery Ricci tensor bounded below for m < ∞. More precisely, their respective works combine to establish the following result. . Moreover, if equality holds, one of the following is true:
(1) M has one end.
(2) (M n , g, e −φ dvol, m) is isometric to
m+n−1 h, e mt m+n−1 dvol, m for some compact Riemannian manifold (N n−1 , h) with nonnegative Ricci curvature.
(3) n = 3, m = 0, and (M n , g, e −φ dvol, m) is isometric to
for some compact Riemannian manifold (N 2 , h) with scalar curvature R h ≥ −2.
In the limiting case m = ∞, Munteanu and Wang [14] used this result to show that the only steady gradient Ricci solitons with more than one end are the cylinders
constructed by taking products with a compact Ricci flat manifold (N n−1 , h). By refining their techniques, they were able to give in a later article [15] a similar characterization of expanding gradient Ricci solitons with more than one end. More precisely, we say that (M n , g) is an expanding gradient Ricci soliton if there exists a function φ ∈ C ∞ (M ), called the soliton potential, such that Ric ∞ φ = −g. Munteanu and Wang [15] then established the following result.
) be an expanding gradient Ricci soliton with soliton potential φ. If the scalar curvature R ≥ −(n − 1) and M has more than one end, then there is a compact Einstein manifold (N n−1 , h) with
It is known that the scalar curvature of any expanding gradient Ricci soliton satisfies R ≥ −n, and the inequality is strict unless φ is constant [16] . Some assumption on the scalar curvature is necessary, as there are many Einstein metrics with negative scalar curvature and multiple ends, but it was left open in [15] to what extent the assumption R ≥ −(n − 1) in Theorem 1.4 is necessary.
In light of Theorem 1.3, it is natural to ask whether Theorem 1.1 can be generalized to the setting of smooth metric measure spaces, and if so, whether the assumption (1.1) might shed some light on the necessity of the assumption R ≥ −(n − 1) in Theorem 1.4. The first goal of this article is to show that this is indeed the case. More precisely, we will prove the following generalization of Theorem 1.1. (1) each Σ k separates M into two disjoint sets,
where H φ is the weighted mean curvature of Σ k , satisfies
Then either M has one end, or M is isometric to the product
for some compact Riemannian manifold (N n−1 , h) with nonnegative Ricci curvature.
Moreover, we will show in Section 3 that Theorem 1.5 is sharp in the same sense as Theorem 1.1: If one relaxes the assumption (1.2) to only require that the limit is finite, then there are additional examples with two ends which do not split isometrically as (1.3). In particular, Example 3.3 gives such an example which, in the limiting case m = ∞, is a complete expanding gradient Ricci soliton with Ric ∞ φ = −g such that R → −n at infinity in one of its ends. This shows that it is not enough to simply assume that R > −n in Theorem 1.4; equivalently, it is not enough to consider gradient Ricci solitons with nonconstant soliton potentials.
There are three key aspects of Theorem 1.5 which we wish to emphasize. First, Theorem 1.5 can be regarded as a rigidity result; in Section 4 we will show that if any hypersurface in Theorem 1.5 satisfies H φ > 1, then M has one end. Second, Theorem 1.5 makes sense in the limit m = ∞, where it is a statement about complete smooth metric measure spaces with nonnegative ∞-Bakry-Émery Ricci tensor which admit a sequence of hypersurfaces tending to infinity having weighted mean curvature tending to one. Third, we will prove Theorem 1.5 by modifying the proof of Theorem 1.1 given by Cai and Galloway [2] , which amounts to understanding the behavior of the Busemann function associated to the sequence {Σ k }. In particular, our proof does not use Theorem 1.3, though an idea from our proof can also be used to show that Theorem 1.5 is nevertheless a consequence of Theorem 1.3.
The second goal of this article is to show that Theorem 1.5 can be used to prove a connectedness result for conformally compact quasi-Einstein smooth metric measure spaces analogous to the one established in [2, 22] . These are smooth metric measure spaces (M n , g, e −φ dvol, m) with m < ∞ such that Ric m φ = λg for some constant λ < 0 which are conformally compact in the sense of conformal equivalence of smooth metric measure spaces as defined in [3] . More precisely, we will prove the following result. For an explanation of the terminology used in this result, see Section 2 and Section 5. We expect that one can make sense of Theorem 1.6 in the limiting case m = ∞, however it is not clear to us how to define conformally compact quasi-Einstein smooth metric measure spaces with m = ∞, and in particular, what should be the "conformal infinity."
The proof of Theorem 1.6 is based upon constructing a family of hypersurfaces tending to infinity which satisfy the hypotheses of Theorem 1.5, and closely parallels the proof given by Cai and Galloway [2] to establish the case m = 0. Since only one of the ends of (1.3) is conformally compact, Theorem 1.6 then follows.
Like Theorem 1.5, Theorem 1.6 can also be regarded as a consequence of Theorem 1.3. More precisely, we will also prove Theorem 5.11, which states, as a generalization to smooth metric measure spaces of a result of Lee [11] , that conformally compact quasi-Einstein smooth metric measure spaces as in Theorem 1.6 achieve equality in the weighted Cheng estimate of Theorem 1.3.
Our approach to Theorem 1.5 suggests possible interpretations of the two splitting theorems of Munteanu and Wang [14, 15] as consequences of some useful notion of "conformally compact gradient Ricci solitons," the formalization of which we wish to highlight as an interesting open problem. We hope that this idea of studying conformally compact gradient Ricci solitons might be useful in obtaining a better understanding of the structure of gradient Ricci solitons.
This article is organized as follows: In Section 2 we recall some facts and definitions pertaining to smooth metric measure spaces necessary for the proof of Theorem 1.5. In Section 3 we describe three families of quasi-Einstein smooth metric measure spaces and use them to establish the sharpness of Theorem 1.5, as well as the necessity of the scalar curvature assumption in [15, Theorem 1.4] . In Section 4 we prove Theorem 1.5 through an adaptation of the argument of Cai and Galloway, and then apply the proof to realize Theorem 1.5 as a special case of Theorem 1.3. In Section 5 we make precise the notion of a conformally compact quasi-Einstein smooth metric measure space in the case m < ∞ and prove both Theorem 1.6 and the Lee-type result on the bottom of the spectrum of the weighted Laplacian of such a space. Guofang Wei for valuable conversations while this work was taking shape.
Smooth metric measure spaces
To begin, let us recall some notions important to the study of smooth metric measure spaces. We follow [3] for our conventions, and in particular adapt our definition of the weighted mean curvature of a hypersurface to those conventions and the Riemannian conventions used by Cai and Galloway [2] . Definition 2.1. A smooth metric measure space is a four-tuple (M n , g, e −φ dvol, m) of a Riemannian manifold (M n , g), a smooth measure e −φ dvol for φ ∈ C ∞ (M ) and dvol the Riemannian volume element associated to g, and a dimensional parameter m ∈ [0, ∞].
We will sometimes denote smooth metric measure spaces more succinctly as triples (M n , g, v m dvol), where the notation v m dvol for the measure encodes the dimensional parameter m as the exponent of a function 0 < v ∈ C ∞ (M ). When we do this, we will always formally define v m = e −φ , with the symbol v ∞ dvol either interpreted to denote a measure e −φ dvol for some φ ∈ C ∞ (M ) being regarded as an "infinite-dimensional" measure, or interpreted to denote that one should take a limit to determine the measure in the case when v is defined for all m at once (cf. Section 3).
The most basic object of interest on a smooth metric measure space is the weighted Laplacian ∆ φ = ∆ − ∇φ. This operator is the natural modification of the Laplacian to this setting, in the sense that it is equivalently defined by ∆ φ = −∇ * ∇ for ∇ * the formal adjoint of ∇ with respect to the measure e −φ dvol. The role of the dimensional parameter m is to specify that geometric invariants associated to smooth metric measure spaces should be made as if the measure were that of an (m + n)-dimensional Riemannian manifold; see [3, 21] for a more precise description of this heuristic. For us, the most important such invariants are the Bakry-Émery Ricci curvature and the weighted scalar curvature. 
The relation between the Bakry-Émery Ricci tensor and the dimensional interpretation of the measure v m dvol is made through the weighted Bochner formula
More precisely, the Cauchy-Schwarz inequality yields from (2.1) the weighted Bochner inequality
for all u ∈ C 3 (M ), so that dimensions appear here in the same way as they do in the usual Bochner inequality for (m + n)-dimensional Riemannian manifolds. In particular, this leads in the usual way to the following comparison theorem for the weighted Laplacian, proven by Qian [17] for m < ∞ and Wei and Wylie [21] for m = ∞.
where sn λ (r) is the unique solution to
In this article, we will discuss quasi-Einstein smooth metric measure spaces in the following sense.
In this case, we call λ the quasiEinstein constant of (M n , g, v m dvol). The characteristic constant µ ∈ R of a quasi-Einstein smooth metric measure space with quasi-Einstein constant λ is the constant such that
It is a result of Kim and Kim [10] that every connected quasi-Einstein smooth metric measure space has a well-defined characteristic constant.
Lastly, we must define the weighted mean curvature of a hypersurface in a smooth metric measure space.
be a smooth metric measure space and let Σ n−1 ⊂ M be a smooth hypersurface with outward pointing normal η. The weighted mean curvature H φ is the function
There is a weighted Gauss equation which relates the weighted mean curvature and weighted scalar curvature of a hypersurface to the weighted scalar curvature and Bakry-Émery Ricci tensor of the ambient smooth metric measure space.
be a smooth metric measure space and let Σ n−1 ⊂ M be a smooth hypersurface with outward pointing normal η. It holds that
where R m φ is the weighted scalar curvature of (Σ, g| T Σ , v m dvol) and B is the second fundamental form of Σ ⊂ M .
Proof. This follows immediately from the usual Gauss equation and the formulae
3. The sharpness of Theorem 1.5
In order to establish the sharpness of Theorem 1.5, we consider three different families of smooth metric measure spaces. The first example is the family (1.3), which we briefly discuss in order to verify that it does indeed satisfy the hypotheses of Theorem 1.5. The other two examples both satisfy all of the hypotheses of Theorem 1.5 save (1.2): For these examples, the limit is finite but nonzero. 
The verification that Ric m φ ≥ − 1 m+n−1 g and H φ = 1 follow easily from the formulae for the Ricci curvature and Hessian of the lift of a function on the base of a warped product, together with the fact that H φ = ∆ φ t, which can be found in [1, Chapter 9] . A key point about this example is that our normalization ensures that it makes sense in the limit m = ∞, where it is the smooth metric measure space
with Ric ∞ φ ≥ 0 and for which the hypersurface {(t, p) : p ∈ N } has weighted mean curvature H φ = 1. The next two examples will also be normalized so that they make sense in the limit m = ∞.
If one assumes additionally that (N, h) is Ricci flat (i.e. equality holds in the specified curvature bound), then (3.1) is quasi-Einstein (i.e. equality holds in the lower bound on Ric m φ ). This behavior will also persist in the next two examples. 
is such that Ric m φ ≥ −g and the weighted mean curvature H φ of the hypersurface
for t large.
Using the terminology of [3, 8] , this example is obtained from the one-dimensional negative elliptic Gaussian by taking a warped product. In the case m = ∞, this is the product
of the one-dimensional expanding Gaussian with a Riemannian manifold with Ricci curvature bounded below by −1. In particular, Munteanu and Wang [15] showed that the only complete expanding gradient Ricci solitons with Ric ∞ φ = −g and R ≥ −(n − 1) are of this form.
The verification of the first line of (3.3) again follows easily from the formula for the Laplacian of a warped product, while the second line uses elementary properties of the hyperbolic tangent function. In particular, (3.3) reveals that for h t defined in terms of Σ t as in Theorem 1.5,
i.e. Example 3.2 establishes the sharpness of Theorem 1.5, as easily follows by rescaling so that Ric 
such that v(0) = 1 and v ′ > 0. Then the smooth metric measure space
is such that Ric m φ ≥ −g and the weighted mean curvature H φ of the level set
Again using the terminology of [3] , this is the warped product of [1, Example 9.118(c)] with (N n−2 , h). In particular, we point out that this corrects an error in [1] , where the factors of one-half in the exponent of the last summand of (3.4) are missing. These factors are necessary to ensure the completeness of the metric of (3.5), which requires that´0 a dv √ F (v) = ∞ for a the infimum of v and F (v) the right hand side of (3.4): Writing
it is readily verified that c = (m+n−3)
(m+n−1) (m+n+1)/2 is the only value of c for which this integral is infinite (cf. [8, Appendix A]).
In the limiting case m = ∞, Example 3.3 is the smooth metric measure space
for φ : R → (−∞, 1) the unique solution to the ODE
with φ(0) = 0 and φ ′ < 0. The verification of the first line of (3.6) is again a simple application of the formula for the Laplacian of a warped product. To verify the second line, observe that
The second line of (3.6) follows from this and differentiation of (3.4). Moreover, as v ∼ e t √ m+n−1 for t large -that is, there is a constant c > 0 such that ve Note also that in the case m = ∞ with (N n−2 , h) such that Ric h = −g, the scalar curvature of (3.7) is
It follows from (3.8) that φ ′ ∼ φ−1 as φ → 1 (i.e. as t → −∞), and hence we see that R → −n as t → −∞. In particular, if N is further taken to be compact, then (3. In particular, note that Theorem 1.5 characterizes those smooth metric measure spaces with multiple ends which arise by relaxing the assumption H φ > 1 in Proposition 4.1 to the assumption (1.2).
An important step in the proof of Proposition 4.1 is to show that the statement when m = ∞ reduces to the statement when m < ∞. We do this via the following general lemma. Lemma 4.2. Let (M n , g, e −φ dvol, ∞) be a complete smooth metric measure space with Ric ∞ φ ≥ 0 and |∇φ| 2 ≤ 1. Then for any m ′ ∈ (0, ∞), the smooth metric measure space 
where the inequality follows from the assumption |∇φ| H φ (σ(s) ) the weighted mean curvature of the level set ρ −1 (s) at σ(s). For s ∈ [0, d), this is well-defined, and moreover, we have that H φ (s) = −∆ φ ρ. By the Bochner identity (2.1) and the Cauchy-Schwarz inequality, we then see that
By comparison with the solution to the ODE Let us now turn to the proof of Theorem 1.5. As is typical in generalizing comparison results from Riemannian geometry to smooth metric measure spaces, the proof of Theorem 1.5 follows from the corresponding proof in the Riemannian setting [2, Theorem 3] with only minor modifications to take into account the role of the measure. The main subtlety is to ensure that the result remains true in the limit m = ∞ (cf. [21] ), and for this reason we find it useful to provide here the details of the proof of Theorem 1.5. To that end, we recall the method of generalized support functions employed by Cai and Galloway [2] . Definition 4.3. Let (M n , g, v m dvol) be a smooth metric measure space and let f ∈ C 0 (M ). A lower support for f at p ∈ M is a function u defined on a neighborhood U of p which is C 2 and such that u ≤ f in U with u(p) = f (p). We say that ∆ φ f ≥ a in the support sense if for each p ∈ M and each ε > 0, there exists a lower support u p,ε for f at p such that ∆ φ u p,ε ≥ a − ε.
We say that ∆ φ f ≥ a in the generalized support sense if for each p ∈ M , there exists a neighborhood U of p on which there is a sequence {f k } ⊂ C 0 (U ) such that f k → f uniformly in U and ∆ φ f k ≥ a k in the support sense for a k → a.
The following maximum principle, which we state without proof, follows exactly as in [2, 7] . Lemma 4.4. Let (M n , g, v m dvol) be a connected smooth metric measure space and suppose that f ∈ C 0 (M ) satisfies ∆ φ f ≥ 0 in the generalized support sense. If f attains its maximum, then it is constant.
Proof of Theorem 1.5. To begin, suppose that M has at least two ends, so that there is a compact set K ⊂ M and there are two connected components E 1 , E 2 ⊂ M \ K. Since M \ K has finitely many components, we may assume that Σ k ⊂ E 1 for all k. One can then construct a line σ : R → M by taking a sequence of points p k ∈ E 2 tending to infinity and q k ∈ Σ k with d(p k , q k ) = d(p k , Σ k ), connecting them via a minimizing geodesic σ k : [−a k , b k ] → M going from p k to q k -that is, σ k (−a k ) = p k and σ k (b k ) = q k -and considering the limit k → ∞ (cf. [2] ). Necessarily σ will intersect K, and we may parametrize σ so that σ(0) =ō ∈ K. Associated to the two ends of σ are two Busemann functions, one to the sequence {Σ k } and one to the ray σ (−∞,0] .
First, for each k, define β k : M → R by
Passing to a subsequence as necessary, it is easy to conclude that β k converges on compact sets to a continuous function β : M → R, the Busemann function associated with {Σ k } (cf. [2] ). Our goal is to show that ∆ φ β ≥ 1 in the generalized support sense. To that end, fix q ∈ M , let B = B(q, r) be a small geodesic ball around q, and let k be large enough that B is on the inside of Σ k . We will show that there are constants c k such that c k → 1 as k → ∞ and ∆ φ β k | B ≥ c k in the support sense.
To show that ∆ φ β k | B ≥ c k in the support sense, and also identify the constants c k , fix p ∈ B and ε > 0, and choose z ∈ Σ k such that d(p, z) = d(p, Σ k ). Let V ⊂ Σ k be a neighborhood of z. By bending V slightly to the outside of Σ k , we can deform V to a smooth hypersurface V ′ ⊂ M such that (1) z ∈ V ′ is the unique closest point to p in V ′ , (2) the second fundamental form of V ′ , measured with respect to the outward pointing normal, is strictly less than that of V , and (3) the weighted mean curvature H
be a unit speed geodesic such that γ(0) = z and γ(l) = p. Hence, by the construction of V ′ , the function
k (γ(s)). Case 1 : m < ∞. As in the proof of Proposition 4.1, it holds that
Since H(0) ≥ h k − ε and h k − ε < 1, it follows by comparison to the ODE 
This shows that at p, β k satisfies
in the support sense. Case 2 : m = ∞. Using the assumption |∇φ| 2 ≤ 1, the Bochner inequality easily yields
, the analogous comparison to the above yields
.
In particular, taking a = l and letting ε → 0, it follows that at p
Hence, in either case the assumption (1.2) implies, by taking k → ∞, that ∆ φ β ≥ 1 in the generalized support sense, as desired.
Second, for each s ∈ R, define b s : M → R by
Passing to a subsequence as necessary, one concludes that b s converges on compact sets as s → −∞ to a continuous function b : M → R, the Busemann function associated with σ| (−∞,0] . From Proposition 2.3 it follows that ∆ φ b ≥ −1. Now, set F = β + b. By the above, we have that ∆ φ F ≥ 0. By the triangle inequality, it is easy to check that F ≤ 0 (cf. [2] ). Moreover, by construction we have that F (ō) = 0. Hence, by the maximum principle, F ≡ 0, whence β = −b. This implies that ∆ φ β = 1, which, by which elliptic regularity, implies that β is smooth. Since β is a Busemann function, this implies that |∇β| 2 = 1. By the Bochner formula, it thus holds that
Hence equality holds in all steps; i.e. Ric In fact, the above proof of Theorem 1.5 given above also contains the essential estimate necessary to show that smooth metric measure spaces which satisfy the hypotheses of Theorem 1.5 realize equality in Theorem 1.3 (cf. [20] ). 
From the proof of Theorem 1.5, we know that the Busemann function β associated to {Σ k } satisfies ∆ φ β ≥ 1 and |∇β| 2 ≤ 1 in the generalized support sense. Let {Ω k } be an exhaustion of M by compact sets; that is, each Ω k is a compact subset of M with smooth boundary and M = k Ω k . Let λ 1 (Ω k ) be the first Dirichlet eigenvalue of −∆ φ on Ω k , and let f be such that
, and f > 0 in the interior of Ω k . Define h = f e β/2 , and let p ∈ Ω k be a point which realizes the maximum of h. Without loss of generality, we may assume β is smooth at p (if not, simply argue using support functions). It thus holds at p that
Computing at p, we see that
for all k. The result follows by taking the limit k → ∞.
On conformally compact smooth metric measure spaces
Let us now describe in what way Theorem 1.5 yields a connectedness result for asymptotically hyperbolic smooth metric measure spaces, analogous to the original motivation of Cai and Galloway [2] for studying Theorem 1.1. To that end, we first recall what it means for two smooth metric measure spaces to be pointwise conformally equivalent (cf. [3] ).
Definition 5.1. Two smooth metric measure spaces (M n , g, e −φ dvol g , m) and (M n ,ĝ, e −φ dvolĝ, m) are pointwise conformally equivalent if there is a function f ∈ C ∞ (M ) such that
Unlike the Riemannian case m = 0, there are a number of different ways one might define a "weighted Yamabe constant" (cf. [5] ). To avoid a discussion of this issue, we will instead formulate our weighted analogue of the connectedness result proven by Cai and Galloway [2] in terms of the weighted conformal Laplacian. 
As an easy consequence of [3, Proposition 4.4], one has sees that the weighted conformal Laplacian is indeed a good generalization of the conformal Laplacian. 
where the exponential factors above are to be regarded as multiplication operators.
The two main facts about the weighted conformal Laplacian we will need are the following. Since all "reasonable" definitions of the weighted Yamabe constant have the property that the sign of the weighted Yamabe constant agrees with the sign of the first eigenvalue of the weighted conformal Laplacian, there is no problem using the latter in the formulation of Theorem 1.6.
Before we define conformally compact quasi-Einstein smooth metric measure spaces, we first discuss two key examples of such spaces.
Example 5.5. Fix 3 ≤ n ∈ N, m ∈ [0, ∞), and (F n−1 , h) a compact Ricci flat manifold. The smooth metric measure space
with t the coordinate on (−∞, m + n − 1] and
is quasi-Einstein with quasi-Einstein constant λ = − 1 m+n−1 and characteristic constant µ = 0.
As m → ∞, this converges to the steady gradient Ricci soliton
This is nothing more than Example 3.1 written in different coordinates. The key point of this presentation is that it is clearly conformally compact with defining function ρ in the sense suggested by Definition 5.1; that is, changing (5.3) conformally via the conformal factor e − 2 m+n−2 f = ρ 2 in the sense of (5.1) yields a smooth metric measure space with metric and measure which extend smoothly to a nondegenerate metric and measure on the boundary {t = m + n − 1}. 
In the terminology of [3, 8] , this is the negative elliptic Gaussian, and is again easily seen to be conformally compact with defining function ρ.
Both Example 5.5 and Example 5.6 can be regarded as natural weighted versions of the hyperbolic metric, in that (provided one chooses (F n−1 , h) to be Euclidean space in Example 5.5) they are the "weighted conformally flat" quasi-Einstein smooth metric measure spaces with negative characteristic constant (cf. [4, 9] ). However, we see that they have quite different behavior in the limit m = ∞, necessitating a treatment of conformally compact quasi-Einstein smooth metric measure spaces which takes into account the characteristic constant as a parameter. Further evidence of this comes from Theorem 1.6, which requires both the characteristic constant and the sign of the first eigenvalue λ 1 (L m φ ) of the conformal boundary to be nonnegative.
To begin the proof of Theorem 1.6, let us first make precise what we mean by a conformally compact quasi-Einstein smooth metric measure space, as already anticipated in our discussion of Example 5.5 and Example 5.6. Definition 5.7. Suppose that m ∈ [0, ∞). We say that (M n , g, v m dvol) is a conformally compact quasi-Einstein smooth metric measure space if:
(1) (M n , g, v m dvol) is complete and quasi-Einstein. (2) There is a compact manifold M n with boundary Σ n−1 = ∂M n such that
There is a smooth metric g on M , a positive function v ∈ C ∞ (M ), and a nonnegative function ρ ∈ C ∞ (M ) such that ρ −1 (0) = Σ, dρ| Σ = 0, and
We call ρ a defining function for M . In this case, we call [Σ, g| T Σ , v m dvol], which is the equivalence class of all smooth metric measure spaces which are conformally equivalent to (Σ, g| T Σ , v m dvol), the conformal boundary of M .
It is clear from the definition that if (M n , g, v m dvol) is a conformally compact quasi-Einstein smooth metric measure space and ρ is a defining function for M , then for any σ ∈ C ∞ (M ), the function e σ ρ is also a defining function for M . In this way, we see that only [Σ, g| T Σ , v m dvol], and not (Σ, g| T Σ , v m dvol), is determined by (M n , g, v m dvol). Our difficulty in extending Definition 5.7 to a meaningful definition in the limiting case m = ∞ is the present uncertainty as to what should be meant by the "conformal boundary" in this case.
As the following lemma shows, one can in fact regard conformally compact quasiEinstein smooth metric measure spaces as "asymptotically hyperbolic." Like asymptotically hyperbolic manifolds, given any choice of metric on the conformal boundary of a conformally compact quasi-Einstein manifold, there exists a choice of defining function for which the gradient has constant norm with respect to g in a neighborhood of Σ (cf. [11] ). Proposition 5.9. Let (M n , g, v m dvol) be a conformally compact quasi-Einstein smooth metric measure space with quasi-Einstein constant λ and fix a representative (Σ,h,ṽ m dvol) of the conformal boundary of (M n , g, v m dvol). Then there is a defining function ρ ∈ C ∞ (M ) such that the compactification
Proof. Letρ be a defining function such that the compactification 
This is a first order noncharacteristic PDE in the unknown σ, and thus there exists a solution of (5.8) with initial condition σ| Σ = 0 in some neighborhood of Σ.
Using this result, a straightforward modification of an argument by Cai and Galloway [2, Section 3] allows us to show that the smooth metric measure spaces of Theorem 1.6 satisfy the hypotheses of Theorem 1.5. 
where H φ is the weighted mean curvature of Σ k , satisfies which in particular has the same sign as the sign of the first eigenvalue of the weighted conformal Laplacian of the conformal boundary of (M n , g, v m dvol). Now, let ρ be the defining function associated to (Σ,g,ṽ m dvol) as per Proposition 5.9. Thus the coordinate r = (m + n − 1)ρ is such that |dr| for R m φ = ρ −2 R m φ the weighted scalar curvature of (Σ r , g T Σr , (v Σr ) m dvol). Dividing both sides of (5.12) by ρ 2 and taking the limit r → 0 yields However, the end (−∞, 0] × N is not conformally compact, a contradiction.
As another corollary of Proposition 5.10, we have the following Lee-type [11] result on the bottom of the spectrum of the weighted Laplacian of a certain class of conformally compact quasi-Einstein smooth metric measure spaces (see also [20] ). In particular, Theorem 1.6 is also a consequence of Theorem 1.3. Proof. This follows immediately from Proposition 5.10 and Proposition 4.5.
